Strong convergence theorems for fixed points of asymptotically nonexpansive semigroups in Banach spaces by Hossein Piri & Poom Kumam
Piri and Kumam Fixed Point Theory and Applications 2014, 2014:225
http://www.fixedpointtheoryandapplications.com/content/2014/1/225
RESEARCH Open Access
Strong convergence theorems for ﬁxed
points of asymptotically nonexpansive
semigroups in Banach spaces





Faculty of Science, King Mongkut’s
University of Technology Thonburi
(KMUTT), 126 Bang Mod, Thrung
Khru, Bangkok, 10140, Thailand
Full list of author information is
available at the end of the article
Abstract
The purpose of this paper is to study the viscosity iterative schemes for approximating
a ﬁxed point of an asymptotically nonexpansive semigroup on a compact convex
subset of a smooth Banach space with respect to a sequence {μi,n}m,∞i=1,n=1 of strongly
asymptotic invariant means deﬁned on an appropriate space of bounded real valued
functions of the semigroup. Our results extend and improve the result announced by
Lau et al. (Nonlinear Anal. 67(4):1211-1225, 2007) and many others.
1 Introduction
Let E∗ be the topological dual of a real Banach space E and C be a nonempty closed and
convex subset of E. The value of j ∈ E∗ at x ∈ E will be denoted by 〈x, j〉 or j(x). With each
x ∈ E, we associate the set
J(x) =
{
j ∈ E∗ : 〈x, j〉 = ‖x‖ = ‖j‖}.
Using the Hahn-Banach theorem, it is immediately clear that J(x) = φ for each x ∈ E. The
multi-valuedmapping J from E into E∗ is said to be the (normalized) duality mapping. Let
U = {x ∈ E : ‖x‖ = }. A Banach space E is said to be uniformly convex, if for any  ∈ (, ],
there exists a δ >  such that, for any x, y ∈ U , ‖x – y‖ ≥  implies ‖ x+y ‖ ≤  – δ. It is well
known that a uniformly convex Banach space is reﬂexive and strictly convex. A Banach
space E is said to be smooth if the limit limt→ ‖x+ty‖–‖x‖t exists for all x, y ∈ U . As is well
known, the duality mapping is norm to weak-star continuous when E is smooth; see [].
Recall that a mapping T of C into itself is said to be:
() Lipschitzian with Lipschiz constant l >  if
‖Tx – Ty‖ ≤ l‖x – y‖, ∀x, y ∈ C,
() nonexpansive if
‖Tx – Ty‖ ≤ ‖x – y‖, ∀x, y ∈ C,
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() asymptotically nonexpansive if there exists a sequence {ln} of positive numbers such
that limn→∞ ln =  and
∥∥Tnx – Tny∥∥≤ ln‖x – y‖, ∀x, y ∈ C.
Iteration processes are often used to approximate a ﬁxed point of a nonexpansive map-
ping T . The ﬁrst one is introduced by Halpern [] and is deﬁned as follows: Take an initial
guess x = x ∈ C arbitrarily and deﬁne xn recursively by
xn+ = αnx + ( – αn)Txn, n≥ , ()
where {αn} is a sequence in [, ].
In , Lau et al. [] introduced Halpern’s iterative schemes for approximating ﬁxed
point of semigroup ϕ = {T(s) : s ∈ S} of nonexpansive mappings on a nonempty compact
convex subset C of Smooth (and strictly convex) Banach space and introduced the follow-
ing iteration process. Let x = x ∈ C and
xn+ = αnx + ( – αn)Tμnxn, n≥ , ()
where {μn}∞n= is a sequence of left strong regular invariant means deﬁned on an appropri-
ate invariant subspace of l∞(S).
A semigroup S is called left reversible if any two right ideals of S have nonvoid inter-
section, i.e., aS ∩ bS = ∅ for a,b ∈ S. In this case, (S,) is a directed set when the binary
relation  on S is deﬁned by a  b if and only if aS ⊃ bS for a,b ∈ S. ϕ = {T(s) : s ∈ S} is
called a Lipschitzian semigroup on C if T(s) be a Lipschitzian mapping of C into C with
Lipschitz constant l(s) for each s ∈ S, T(st) = T(s)T(t) for each t, s ∈ S and T(e) = I . A Lip-
schitzian semigroup ϕ = {T(s) : s ∈ S} is called nonexpansive (or a contractive) semigroup
if l(s) = , for each s ∈ S, and asymptotically nonexpansive semigroup if lims l(s) ≤ . Left
revisable semigroup of nonexpansive mappings were ﬁrst studied by Lau [] and Holmes
and Lau [].
In this paper,motivated and inspired by Lau et al. [], Katchang andKumam [], Kumam
et al. [], Razani and Yazdi [], Piri [], Piri and Badali [], Piri and Kumam [], Piri et
al. [], Saewan and Kumam [], we introduce the composite explicit viscosity iterative
schemes as follows:
ym+,n = xn,
yi,n = δi,nyi+,n + (I – δi,n)T(μi,n)yi+,n, i = , , . . . ,m, ()
xn+ = αnγ f (xn) + βnxn +
(
( – βn)I – αnA
)
T(μi,n)yi,n,
where f is a weakly contractive mapping and A is a strongly positive bounded linear oper-
ator on E with coeﬃcient γ >  and  < γ < γ , for an asymptotically nonexpansive semi-
group ϕ = {T(s) : s ∈ S} on compact convex subset C of a smooth Banach space E with
respect to ﬁnite family of left strongly asymptotically invariant sequences {μi,n}m,∞i=,n= of
means deﬁned on an appropriate invariant subspace of l∞(S).We prove, under certain ap-
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propriate assumptions on the sequences {αn}∞n=, {βn}∞n=, and {δn}m,∞i=,n=, that {xn}∞n= and
{yn}m,∞i=,n= deﬁned by () converges strongly to z ∈ Fix(ϕ), which is the unique solution of
the variational inequality:
〈
(γ f –A)z, J(y – z)
〉≤ , ∀y ∈ Fix(ϕ).
Our results improve and extendmany previous results of Lau et al. [], Saeidi [], Saeidi
and Naseri [], Katchang and Kumam [] and Piri and Kumam [] and many others.
2 Preliminaries
Let S be a semigroup and let l∞(S) be the space of all bounded real valued functions deﬁned









(t) = f (ts), ∀t ∈ S.
Let X be a closed subspace of l∞(S) containing  and let X∗ be its topological dual. An
element μ of X∗ is said to be amean on X if ‖μ‖ = μ() = .We often write μt(f (t)) instead
of μ(f ) for μ ∈ X∗ and f ∈ X. Let X be left invariant (resp. right invariant), i.e., l(s)(X)⊂ X
(resp. r(s)(X) ⊂ X) for each s ∈ S. A mean μ on X is said to be left invariant (resp. right
invariant) if μ(l(s)f ) = μ(f ) (resp. μ(r(s)f ) = μ(f )) for each s ∈ S and f ∈ X. X is said to be
left (resp. right) amenable if X has a left (resp. right) invariant mean. X is amenable if X is
both left and right amenable. As is well known, l∞(S) is amenable when S is a commutative
semigroup; see []. A net {μα} of means on X is said to be left strongly asymptotically if
lim
α
∥∥l(s)∗μα –μα∥∥ = ,
for each s ∈ S, where l(s)∗ is the adjoint operator of l(s).
LetC be a nonempty closed and convex subset of E. Throughout this paper, Swill always
denote a semigroup with an identity e. S is called left reversible if any two right ideals in
S have nonvoid intersection, that is, aS ∩ bS = ∅, for a,b ∈ S. In this case, we can deﬁne a
partial ordering ≺ on S by a ≺ b if and only if aS ⊃ bS. It is easy too see t ≺ ts, ∀t, s ∈ S.
Further, if t ≺ s then pt ≺ ps for all p ∈ S. If a semigroup S is left amenable, then S is left
reversible (see []). But the converse is false. ϕ = {T(s) : s ∈ S} is called a Lipschitzian
semigroup on C if T(s) be a Lipschitzian mapping of C into C with Lipschitz constant l(s)
for each s ∈ S, T(st) = T(s)T(t) for each t, s ∈ S and T(e) = I . A Lipschitzian semigroup
ϕ = {T(s) : s ∈ S} is called nonexpansive (or a contractive) semigroup if l(s) = , for each
s ∈ S, and asymptotically nonexpansive semigroup if lims l(s)≤ . We denote by Fix(ϕ) the
set of common ﬁxed points of ϕ, and by Ca the set of almost periodic elements in C, that
is, all x ∈ C such that {T(s)x : s ∈ S} is relatively compact in the norm topology of E. We
will call a subspaceX of l∞(S), ϕ-stable if the functions s→ 〈T(s)x,x∗〉 and s→ ‖T(s)x–y‖
on S are in X for all x, y ∈ C and x∗ ∈ E∗. We know that if μ is a mean on X and if for each
x∗ ∈ E∗ the function s→ 〈T(s)x,x∗〉 is contained in X and C is weakly compact, then there
exists a unique point x of E such that μs〈T(s)x,x∗〉 = 〈x,x∗〉 for each x∗ ∈ E∗. We denote
such a point x by T(μ)x. Note that T(μ)z = z, for each z ∈ Fix(ϕ) (see []).
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Lemma . [] Let S be a left reversible semigroup and ϕ = {T(s) : s ∈ S} be an asymptoti-
cally nonexpansive semigroup on weakly compact convex subset C of a Banach space E. Let
X be a left invariant and ϕ-stable subspace of B(S) and μ be an asymptotically left strongly
asymptotically invariant means on X. Then Fix(ϕ) = Fix(T(μ))∩Ca.
Lemma . [] Let S be a left reversible semigroup and ϕ = {T(s) : s ∈ S} be an asymp-
totically nonexpansive semigroup on weakly compact convex subset C of a Banach space E
into C. Let X be a left invariant and ϕ-stable subspace of B(S) and {μn}∞n= be an asymp-
totically left invariant sequence of means on X . If z ∈ Ca and lim infn→∞ ‖T(μn)z – z‖ = ,
then z is a common ﬁxed point of ϕ.
Let D be a subset of B, where B is a subset of a Banach space E and let P be a retraction
of B onto D, that is, Px = x for each x ∈D. Then P is said to be sunny [] if for each x ∈ B
and t ≥  with Px + t(x – Px) ∈ B, P(Px + t(x – Px)) = Px. A subset D of B is said to be a
sunny nonexpansive retract of B, if there exists a sunny nonexpansive retraction P of B
into D.
Lemma . [] Let S be a left reversible semigroup and ϕ = {T(s) : s ∈ S} be an asymp-
totically nonexpansive semigroup on a nonempty compact convex subset C of a Banach
space E into C. Let X be a left invariant and ϕ-stable subspace of L∞(S) and μ be a left
invariant sequence of means on X. Then T(μ) is nonexpansive and Fix(ϕ) = ∅.Moreover, if
E is smooth, then Fix(ϕ) is a sunny nonexpansive retract of C and the sunny nonexpansive
retraction of C onto C onto Fix(ϕ) is unique.
Lemma . [] Let C be a nonempty convex subset of smooth Banach space E, D a
nonempty subset of C, and P : C →D a retraction. Then the following are equivalent:
(a) P is the sunny nonexpansive.
(b) 〈x – Px, J(y – Px)〉 ≤  for all x ∈ C and y ∈D.
(c) 〈x – y, J(Px – Py)〉 ≥ ‖Px – Py‖ for all x, y ∈ C.
In a smooth Banach space, an operator A is strongly positive if there exists a constant
γ >  with the property that
〈
Ax, J(x)
〉≥ γ ‖x‖, ‖aI – bA‖ = sup
‖x‖≤
∣∣〈(aI – bA)x, J(x)〉∣∣, a ∈ [, ],b ∈ [–, ],
where I is the identity mapping and J is the normalized duality mapping.
Lemma . [] If A is a strongly positive bounded linear operator on a smooth Banach
space E with coeﬃcient γ >  and  < ρ ≤ ‖A‖–, then ‖I – ρA‖ ≤  – ργ .
Deﬁnition . [] A self-mapping f : C → C is called weakly contractive of the class
Cψ(s) if there exists a continuous and nondecreasing function ψ : [,∞) → [,∞) such
that ψ(s) > , ∀s > , ψ() = , lims→∞ ψ(s) =∞, and for any x, y ∈ C,
∥∥f (x) – f (y)∥∥≤ ‖x – y‖ –ψ(‖x – y‖).
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Remark . Clearly a contractive mapping with constant k must be a weakly contractive
mapping, whereψ(s) = (–k), but the converse is not true. For example themapping f (x) =
sin(x) from [, ] to [, ] is weakly contractive with ψ(s) =  s. But f is not a contractive
mapping (see []).
Lemma . [] Let {xn}∞n= and {yn}∞n= be bounded sequences in a Banach space X and
let {αn}∞n= be a sequence in [, ] such that  < lim infn→∞ αn ≤ lim supn→∞ αn < . If xn+ =
αnxn + ( – αn)yn for all integers n≥  and
lim sup
n→∞
(‖yn+ – yn‖ – ‖xn+ – xn‖)≤ ,
then limn→∞ ‖yn – xn‖ = .
Lemma . [] Let E be a real smooth Banach space and J be the duality mapping. Then
‖x + y‖ ≤ ‖x‖ + 〈y, J(x + y)〉, ∀x, y ∈ E.
Lemma . [] Let {an}∞n= be a sequence of nonnegative real numbers such that
an+ ≤ ( – bn)an + cn, n≥ ,
where {bn}∞n= and {cn}∞n= are sequences of real numbers satisfying the following conditions:
(i) {bn}∞n= ⊂ (, ),
∑∞
n= bn =∞,
(ii) either lim supn→∞ cnbn ≤  or
∑∞
n= |cn| <∞.
Then limn→∞ an = .
Lemma . [] Let (X,d) be a metric space.A subset C of X is compact if and only if every
sequence in C contains a convergent subsequence with limit in C.
3 Themain result
In this section, we establish a strong convergence theorem for ﬁnding a common ﬁxed
point of an asymptotically nonexpansive semigroup in a smooth Banach space.
Theorem . Let S be a left reversible semigroup, and let ϕ = {T(s) : s ∈ S} be an asymp-
totically nonexpansive semigroup on a nonempty compact convex subset C of a smooth
Banach space E such that Fix(ϕ) = ∅. Let f be a weakly contractive mapping of the class
Cψ(s), and let A be a strongly positive linear operator on E with coeﬃcient γ > . Let γ be
a real number such that  < γ < γ , and let X be a left amenable and ϕ-stable subspace of
L∞(S) containing  and the function t → 〈T(t)x, y〉 is an element of X for each x ∈ C and
y ∈H . Let {μi,n}m,∞i=,n= be a ﬁnite family of left strongly asymptotically invariant sequence of
mean on X such that for i = , , . . . ,m, limn→∞ ‖μi,n+ – μi,n‖ = , and let {αn}∞n= be a se-
quence in (, ), {βn}∞n= be a sequence in [, ) and {δn}m,∞i=,n= be sequences in (, ] satisfying
in the following conditions:
(B) limn→∞ αn = ,
∑∞
n= αn =∞,
(B) lim supn→∞ βn < ,
(B) limn→∞ δi,n = , i = , , . . . ,m.
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If {xn}∞n= and {yi,n}m,∞i=,n= are sequences generated by x ∈ C and
ym+,n = xn,
yi,n = δi,nyi+,n + (I – δi,n)T(μi,n)yi+,n, i = , , . . . ,m,
xn+ = αnγ f (xn) + βnxn +
(




then {xn}∞n= and {yi,n}m,∞i=,n= converge strongly to z ∈ Fix(ϕ), which is the unique solution of
the variational inequality
〈
(γ f –A)z, J(y – z)
〉≤ , ∀y ∈ Fix(ϕ). ()
Equivalently, z = P(γ f + (I –A))z, where P denotes the unique sunny nonexpansive retrac-
tion of C onto Fix(ϕ).









From Lemma . and deﬁnition of {yi,n}m,∞i=,n=, for every z ∈ Fix(ϕ), we have
‖yi,n – z‖ =
∥∥δi,nyi+,n + ( – δi,n)T(μi,n)yi+,n – z∥∥
≤ δi,n‖yi+,n – z‖ + ( – δi,n)
∥∥T(μi,n)yi+,n – T(μi,n)z∥∥
= δi,n‖yi+,n – z‖ + ( – δi,n)‖yi+,n – z‖ = ‖yi+,n – z‖.
Therefore
‖y,n – z‖ ≤ ‖y,n – z‖ ≤ · · · ≤ ‖ym,n – z‖ ≤ ‖xn – z‖. ()




First, we show that for any sequence {un} ⊂ C,
lim
n→∞
















Since for i = , , . . . ,m, limn→∞ ‖μi,n+ – μi,n‖ = . So, we get (). Next, we claim that




∥∥δi,n+yi+,n+ + ( – δi,n+)T(μi,n+)yi+,n+ – δi,nyi+,n – ( – δi,n)T(μi,n)yi+,n∥∥
=
∥∥δi,n+yi+,n+ – δi,n+yi+,n + δi,n+yi+,n
+ ( – δi,n+)T(μi,n+)yi+,n+ – δi,nyi+,n – ( – δi,n)T(μi,n)yi+,n
∥∥
≤ δi,n+‖yi+,n+ – yi+,n‖ + |δi,n+ – δi,n|‖yi+,n‖
+ ( – δi,n+)
∥∥T(μi,n+)yi+,n+∥∥ + ( – δi,n)∥∥T(μi,n)yi+,n∥∥
≤ ‖yi+,n+ – yi+,n‖ + |δi,n+ – δi+,n|‖yi+,n‖
+ ( – δi,n+)
∥∥T(μi,n+)yi+,n+∥∥ + ( – δi,n)∥∥T(μi,n)yi+,n∥∥
≤ ‖yi+,n+ – yi+,n‖ + |δi,n+ – δi+,n|‖yi+,n‖
+ ( – δi,n+)
[∥∥T(μi,n+)yi+,n+ – z∥∥ + ‖z‖]
+ ( – δi,n)
[∥∥T(μi,n)yi+,n – z∥∥ + ‖z‖]
≤ ‖yi+,n+ – yi+,n‖ + |δi,n+ – δi+,n|‖yi+,n‖
+ ( – δi,n+)
[‖yi+,n+ – z‖ + ‖z‖] + ( – δi,n)[‖yi+,n – z‖ + ‖z‖],
≤ ‖yi+,n+ – yi+,n‖ +
[|δi,n+ – δi+,n| + ( – δi,n+) + ( – δi,n)]M,
which implies that
‖yi,n+ – yi,n‖ ≤ ‖xn+ – xn‖ + M
m∑
j=i
[|δj,n+ – δj,n| +  – (δi,n+ + δi,n)].
Setting xn+ = ( – βn)zn + βnxn, we see that zn = xn+–βnxn–βn . Then we compute
zn+ – zn
= xn+ – βn+xn+ – βn+
– xn+ – βnxn – βn
= αn+γ f (xn+) + βn+xn+ + (( – βn+)I – αn+A)T(μi,n+)yi,n+ – βn+xn+ – βn+
– αnγ f (xn) + βnxn + (( – βn)I – αnA)T(μi,n)yi,n – βnxn – βn
= αn+ – βn+
(
γ f (y,n+) –AT(μi,n+)yi,n+
)
– αn – βn
(
γ f (y,n) –AT(μi,n)yi,n
)
+ T(μi,n+)yi,n+ – Tμi,nyi,n.
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It follows that
‖zn+ – zn‖ ≤ αn+ – βn+
∥∥γ f (y,n+) –AT(μi,n+)yi,n+)∥∥
+ αn – βn
∥∥γ f (yi,n) –AT(μi,n)yi,n∥∥
+
∥∥T(μi,n+)yi,n+ – Tμi,nyi,n∥∥
≤ αn+ – βn+
∥∥γ f (y,n+) –AT(μi,n+)yi,n+)∥∥
+ αn – βn
∥∥γ f (yi,n) –AT(μi,n)yi,n∥∥
+ ‖yi,n+ – yi,n‖ +
∥∥Tμi,n+yi,n – T(μi,n)yi,n∥∥






+ αn – βn
)
M.
Therefore, we observe that




(|δj,n+ – δj,n| +  – (δi,n+ + δi,n))
+




+ αn – βn
)
M.
So from (), (B), and (B), we obtain
lim sup
n→∞
(‖zn+ – zn‖ – ‖xn+ – xn‖)≤ .
Applying Lemma ., we obtain limn→∞ ‖xn – zn‖ = . We also have ‖xn+ – xn‖ = ( –
βn)‖xn – zn‖, therefore, we get
lim
n→∞‖xn+ – xn‖ = . ()
We note that
∥∥xn – T(μi,n)yi,n∥∥≤ ‖xn – xn+‖ + ∥∥xn+ – T(μi,n)yi,n∥∥
= ‖xn – xn+‖ +
∥∥αnγ f (xn) + βnxn
+
(




≤ ‖xn – xn+‖ + αn
∥∥γ f (xn) –AT(μi,n)yi,n∥∥
+ βn
∥∥xn – T(μi,n)yi,n∥∥
≤ ‖xn – xn+‖ + Mαn + βn
∥∥xn – T(μi,n)yi,n∥∥.
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Thus, we have the following:
∥∥xn – T(μi,n)yi,n∥∥≤  – βn
(‖xn – xn+‖ + Mαn).
By (), (B), and (B), we obtain the following:
lim
n→∞
∥∥xn – T(μi,n)yi,n∥∥ = , i = , , . . . ,m. ()
We consider
∥∥xn – T(μi,n)xn∥∥≤ ∥∥xn – T(μi,n)yi,n∥∥ + ∥∥T(μi,n)yi,n – T(μi,n)xn∥∥
≤ ∥∥xn – T(μi,n)yi,n∥∥ + ‖yi,n – xn‖
≤ ∥∥xn – T(μi,n)yi,n∥∥ + m∑
j=i
‖yj+,n – yj,n‖




≤ ∥∥xn – T(μi,n)yi,n∥∥ + M m∑
j=i
( – δj,n).
By () and (B), we have the following:
lim
n→∞
∥∥xn – T(μi,n)xn∥∥ = . ()
Next, we prove that ω({xn}∞n=)⊂ Fix(ϕ), where
ω
({xn}∞n=) := {x ∈ C : {xnj}∞j= ⊂ {xn}∞n=, limj→∞‖xnj – x‖ = 
}
.
From Lemma ., we get ω({xn}∞n=) = ∅. Let x ∈ ω({xn}∞n=). Then there exists a subse-
quence {xnj}∞j= of {xn}∞n= such that
lim
j→∞‖xnj – x‖ = . ()
It follows from Lemma . that
lim sup
j→∞
‖x – Tμ,nj x‖ ≤ lim supj→∞
(‖x – xnj‖ + ∥∥xnj – T(μ,nj )xnj∥∥
+




‖x – xnj‖ +
∥∥xnj – T(μ,nj )xnj∥∥).
Thus, due to (), (), and Lemma ., we get x ∈ Fix(ϕ). Since E is smooth, from
Lemma . there exists a unique sunny nonexpansive retraction P of C onto Fix(ϕ). Since
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A is bounded, without loss of generality, wemay assume that ‖A‖ ≤ . So fromLemma .,
we get ‖I –A‖ ≤  – γ . Since A is linear and f is a weak contraction, we have
∥∥(γ f + (I –A))x – (γ f + (I –A))y∥∥
≤ γ ∥∥f (x) – f (y)∥∥ + ∥∥(I –A)(x – y)∥∥
≤ γ [‖x – y‖ –ψ(‖x – y‖)] + ( – γ )‖x – y‖
≤ ( + γ – γ )‖x – y‖.
Since  + γ – γ < , γ f + (I –A) is a contraction of C into itself, therefore P(γ f + (I –A)) is
contraction. Then the Banach contraction theorem guarantees that P(γ f + (I – A)) has a
unique ﬁxed point z. By Lemma ., z is the unique solution of the variational inequality
〈
(γ f –A)z, J(y – z)
〉≤ , ∀y ∈ Fix(ϕ). ()




(γ f –A)z, J(xn – z)
〉≤ .









(γ f –A)z, J(xnk – z)
〉
. ()
Since C is compact, we may assume, with no loss of generality, that {xnk } converges
strongly to some y ∈ C. Since ω({xn}∞n=)⊂ Fix(ϕ) and duality mapping J is norm to weak-




(γ f –A)z, J(xn – z)
〉≤ . ()




∥∥αn[γ f (xn) –Az] + βn[xn – z] + [( – βn)I – αnA](T(μi,n)yi,n – z)∥∥
≤ ∥∥βn[xn – z] + [( – βn)I – αnA](T(μi,n)yi,n – z)∥∥
+ αn
〈
γ f (xn) –Az, j(xn+ – z)
〉
=
∥∥∥∥βn[xn – z] + ( – βn)
[








γ f (xn) –Az, j(xn+ – z)
〉
≤ βn‖xn – z‖ + ( – βn)
[





γ f (xn) –Az, j(xn+ – z)
〉
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≤ βn‖xn – z‖ + ( – βn)
(




∥∥f (xn) – f (z)∥∥∥∥j(xn+ – z)∥∥ + αn〈γ f (z) –Az, j(xn+ – z)〉
≤ βn‖xn – z‖ +  – βn ( – βn – αnγ )
∥∥T(μi,n)yi,n – z∥∥
+ αnγ
(‖xn – z‖ –ψ(‖xn – z‖))‖xn+ – z‖ + αn〈γ f (z) –Az, j(xn+ – z)〉
≤ βn‖xn – z‖ +  – βn ( – βn – αnγ )
‖yi,n – z‖
+ αnγ ‖xn – z‖‖xn+ – z‖ + αn
〈
γ f (z) –Az, j(xn+ – z)
〉
≤ βn‖xn – z‖ +  – βn ( – βn – αnγ )
‖xn – z‖
+ αnγ
[‖xn – z‖ + ‖xn+ – z‖] + αn〈γ f (z) –Az, j(xn+ – z)〉
and consequently,
‖xn+ – z‖ ≤  – αnγ
[ 
 – βn
( – βn – αnγ ) + βn + αnγ
]
‖xn – z‖
+ αn – αnγ
〈




 – αn(γ – γ ) – αnγ
]




( – αnγ )( – βn)
‖xn – z‖
+ αn – αnγ
〈




‖xn+ – z‖ ≤ ( – bn)‖xn – z‖ + bncn, ()




( – αnγ )( – βn)
‖xn – z‖ + αn – αnγ
〈
γ f (z) –Az, j(xn+ – z)
〉
.
It follows from condition (B) and () that
∞∑
n=
bn =∞, lim sup
n→∞
cn ≤ .
Therefore, applying Lemma . to (), we see that {xn}∞n= converges strongly to z and
since for i = , , . . . ,m, ‖yi,n – z‖ ≤ ‖xn – z‖, {yn}m,∞i=,n= converges strongly to z. This com-
pletes the proof. 
4 Applications
Theorem . [] Let S be a left reversible semigroup and ϕ = {Ts : s ∈ S} be a represen-
tation of S as Lipschitzian mapping from nonempty compact convex subset C of a smooth
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Banach space E into C, with the uniform Lipschitzian condition lims K (s) ≤  and g be an
α-contraction on C for some  < α < . Let X be a left invariant ϕ-stable subspace of L∞(ϕ)
containing , {μn}∞n= be a sequence of left strongly asymptotically invariant means deﬁned
on X such that limn→∞ ‖μn+ –μn‖ =  and {cn}∞n= be the sequence deﬁned by
cn = sup
x,y∈C
(‖Tμnx – Tμny‖ – ‖x – y‖), n≥ .
Let {αn}∞n=, {βn}∞n=, and {γn}∞n= be sequences in (, ) such that
(C) αn + βn + γn = , n≥ ,




(C)  < lim infn→∞ βn ≤ lim supn→∞ βn < ,
(C) lim supn→∞ cnαn ≤ .
Let {xn}∞n= be the sequence generated by x ∈ C and
xn+ = αng(xn) + βnxn + γnT(μn)xn, n≥ .
Then the sequence {xn}∞n= converges strongly to some z ∈ Fix(ϕ), the set of common ﬁxed
points of ϕ, which is the unique solution of the variational inequality
〈
(g – I)z, J(y – z)
〉≤ , ∀y ∈ Fix(ϕ).
Equivalently, one has z = Pfz, where P is the unique sunny nonexpansive retraction of C
onto F(ϕ).
Proof It is suﬃcient to take g = 
γ
f , A = I , δi,n = , for i = , , . . . ,m and γn =  – αn – βn in
Theorem .. 
Theorem. [] Let ϕ = {T(s) : s ∈ S} be a representation of S as a Lipschitzianmappings
from a nonempty compact convex subset C of a smooth Banach space E into C, with the
uniform Lipschitzian constant lims l(s)≤  on the Lipschiz constant of mappings, such that
Fix(ϕ) = ∅, and g be a contraction of C into itself with constant α ∈ (, ). Let X be a left
invariant and ϕ-stable subspace of B(S) containing  and the function t → 〈Ttx, y〉 is an
element of X for each x ∈ C and y ∈ H and {μi,n}m,∞i=,n= be a ﬁnite family of left strongly
asymptotically invariantmeans on X such that for i = , , . . . ,m, limn→∞ ‖μi,n+ –μi,n‖ = .
Let {αn}∞n=, {βn}∞n= and {γn}∞n= be sequences in (, ) satisfy in conditions (C)-(C) and
{δn}m,∞i=,n= be a sequence in (, ] satisﬁes in condition
(C′) limn→∞ δi,n = , i = , , . . . ,m.
If {xn}∞n= and {yi,n}m,∞i=,n= are sequences generated by x ∈ C and
xn+ = αng(y,n) + βnxn + γnT(μ,n)y,n,
yi,n = δi,nyi+,n + (I – δi,n)T(μi,n)yi+,n, i = , , . . . ,m, ()
ym+,n = xn,
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then {xn}∞n= and {yi,n}m,∞i=,n= converge strongly to z ∈ Fix(ϕ) which is the unique solution of
the variational inequality
〈
(g – I)z, J(y – z)
〉≤ , ∀y ∈ Fix(ϕ). ()
Equivalently, z = Pg(z), where P denotes the unique sunny nonexpansive retraction of C
onto Fix(ϕ).
Proof It is suﬃcient to take g = 
γ
f , A = I , and γn =  – αn – βn in Theorem .. 
Theorem . [] Let S be a left reversible semigroup and ϕ = {Ts : s ∈ S} be a represen-
tation of S as Lipschitzian mapping from nonempty compact convex subset C of a smooth
Banach space E into C, with the uniform Lipschitzian condition lims K (s) ≤  and g be an
α-contraction on C for some  < α < . Let X be a left invariant ϕ-stable subspace of L∞(ϕ)
containing , {μn}∞n= is a sequence of left strong regular invariant means deﬁned on X such
that limn→∞ ‖μn+ –μn‖ =  and {cn}∞n= be the sequence deﬁned by
cn = sup
x,y∈C
(‖Tμnx – Tμny‖ – ‖x – y‖), n≥ .
Let {αn}∞n=, {βn}∞n=, {γn}∞n=, and {δn}∞n= be sequences in (, ) such that
(C) αn + βn + γn = , n≥ ,




(C)  < lim infn→∞ βn ≤ lim supn→∞ βn < ,
(C) lim supn→∞ cnαn ≤ ,
(C) limn→∞ δn = .
Let {xn}∞n= be the sequence generated by x ∈ C and
{
yn = δnxn + ( – δn)Tμnxn,
xn+ = αng(xn) + βnxn + γnyn, n≥ . ()
Then the sequence {xn}∞n= converges strongly to some z ∈ Fix(ϕ), which is the unique so-
lution of the variational inequality.
〈
(f – I)z, J(y – z)
〉≤ , ∀y ∈ F(ϕ).
Equivalently, one has z = Pfz, where P is the unique sunny nonexpansive retraction of C
onto F(ϕ).
Proof It is suﬃcient to take g = 
γ
f , A = I , γn =  – αn – βn for all n ∈ N and δi,n =  for
i = , , . . . ,m –  in Theorem .. 
Theorem . [] Let S be a left reversible semigroup and ϕ = {Ts : s ∈ S} be a representa-
tion of S as nonexpansivemappings from a compact convex subset C of a strictly convex and
smooth Banach space E into C such that Fix(ϕ) = ∅, let X be an amenable and S-stable sub-
space of L∞(ϕ) and let {μn}∞n= be a strongly left regular sequence of means on X . Let {αn}∞n=
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be a sequence in [, ] such that limn→∞ αn =  and
∑∞
n= αn =∞. Let x –  = x ∈ C and let
{xn}∞n= be the sequence deﬁned by
xn+ = αnx + ( – αn)T(μn)xn, n = , , . . . .
Then {xn}∞n= converges strongly to Px, where P denotes the unique sunny nonexpansive
retraction of C onto F(ϕ).
Proof It is suﬃcient to take f (x) = 
γ
x,A = I , βn =  for all n ∈N and δi,n =  for i = , , . . . ,m
in Theorem .. 
Theorem . [] Let ϕ = {Ts : s ∈ S} be a nonexpansive semigroup on a Hilbert space H
such that Fix(ϕ) = ∅. Let X be a left invariant subspace of L∞(ϕ) such that  ∈ X, and the
function t → 〈T(t)x, y〉 is an element of X for each x, y ∈ H . Let {μn}∞n= be a left regular
sequence of means on X and let {αn}∞n= be a sequence in [, ] such that limn→∞ αn =  and∑∞
n= αn = ∞. Let A be a strongly positive linear bounded operator on H with coeﬃcient
γ >  and f be an α-contraction on H for some  < α < . Let x ∈ H and let {xn}∞n= be
generated by x and
xn+ = αnγ f (xn) + ( – αnA)Tμnxn.
Then the sequence {xn}∞n= converges strongly to some z ∈ Fix(ϕ), the set of common ﬁxed
points of ϕ, which is the unique solution of the variational inequality
〈
(A – γ g)z, y – z
〉≤ , ∀y ∈ Fix(ϕ).
Equivalently, one has z = PFix(ϕ)(I –A + γ g)z.
Proof It is suﬃcient to take βn =  for all n ∈ N and δi,n =  for i = , , . . . ,m, in Theo-
rem .. 
Remark . Theorem . improves and extends Theorem . of [], Theorem . of [],
Theorem . of [] and Theorem . of [] in the following aspects.
() Theorem . extends the theorem and Theorem . of [] forms one sequence of
means to a ﬁnite family of sequences of means and gives all consequences of this
theorem without assumption (C) used in its proof.
() Theorem . extends the theorem and Theorem . of [] forms one sequence of
means to a ﬁnite family of sequences of means and gives all consequences of this
theorem without assumption (C) used in its proof.
() Theorem . extends the theorem and Theorem . of [] forms one sequence of
means to a ﬁnite family of sequence of means and gives all consequences of this
theorem without the assumption of strict convexity of Banach spaces used in its
proof.
() Theorem . extends the theorem and Theorem . of [] forms one sequence of
means to a ﬁnite family of sequence of means and gives all consequences of this
theorem from Hilbert spaces to Banach spaces.
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